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TOPOLOGICAL CONVEXITY STRUCTURES AND 
THE KREIN-MILMAN THEOREM
CHAPTER I  
INTRODUCTION
The s e t t i n g  fo r  th i s  d i s s e r t a t io n  i s  a s e t  X and a  fam ily  o f  su b se ts  
o f X, c a l le d  convex s e t s ,  s a t i s f y in g  g iven  convexity  p r o p e r t i e s .  In  th i s  
s e t t i n g  th e  convex h u l l  o p e ra to r  can be used  to  d e f in e  th e  analogues o f 
segments and l i n e s .  B asic  r e la t io n s h ip s  betw een th e  h u l l  o p e ra to r  and w hat 
a re  c a l le d  segment and l i n e  o p e ra to rs  a re  d e r iv e d , le a d in g  to  K uratow ski- 
l ik e  theorems fo r  each . A s e t  o f  a lignm ent axioms i s  co n s id e re d , which 
allow s a l in e  o p e ra to r  to  be developed from a segment o p e ra to r ,  where th e  
l in e s  in v o lv ed  a re  shown to  po ssess  a  l i n e a r  o rd e r .
P ro p e r t ie s  o f  co n vex -p reserv ing  fu n c tio n s  and co n v ex ity  isomorphisms 
a re  d e r iv e d , in c lu d in g  c o n d itio n s  f o r  c o n t in u ity  and th e  p re se rv a tio n  o f 
Carath é o dory, H elly  and Radon n u iA ers .
A topology i s  then  in tro d u ced  which le ad s  to  s e v e ra l  r e s u l t s  which 
p a r a l l e l  fundam ental p ro p e r t ie s  in  th e  th eo ry  o f l i n e a r  to p o lo g ic a l 
sp a c e s , cu lm inating  in  a  c o n d itio n  analogous to  lo c a l  convexity  and th e  
p roof o f  th e  Krein-M ilman theorem  a p p lie d  to  th i s  s e t t i n g .  Thus is  
o b ta in e d , among o th e r  c l a s s i c a l  r e s u l t s ,  a Krein-M ilm an theorem  fo r  a 
more g e n e ra l c la s s  o f  spaces th a n  th a t  norm ally  co n s id e re d . In  p a r t i c u l a r ,
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i t  i s  shown th a t  no u n d e rly in g  a lg e b ra ic  s t r u c tu r e  i s  needed.
The u su a l s e t - t h e o r e t i c  symbols w i l l  be used  th roughout w ith o u t 
d e f in i t i o n .  In  p a r t i c u l a r ,  th e  n o ta tio n  e s ta b l is h e d  in  V a le n tin e  [12] 
w i l l  be employed.
■ CHAPTER I I
RELATIONSHIPS BETWEEN CONVEXITY STRUCTURES 
AND SEGMENT OPERATORS
2 .1 . D e f in i t io n  ̂ L et €  b e  a  fam ily  o f  su b se ts  o f  a s e t  X. C> i s  c a l le d  
a convex ity  s t r u c tu r e  i f
( i )  = n {C : C e t ) } €  (S to r  t i
( i i )  <{) and X £ 6 .
F u r th e r  i f  G  s a t i s f i e s  
( i i i )  {%} 6 Ç fo r  each x  €  X 
th en  (S i s  s a id  to  be  T^.
2 .2 .  D e f in i t io n . The h u l l  o p e ra to r  H a s s o c ia te d  w ith  C  i s  d e fin ed  by
H(S) = H{C €  e  : C D S}, S C X.
2 .3 . Theorem. L et C he a convex ity  s t r u c tu r e  and H th e  corresponding  
h u l l  o p e ra to r .  Then H s a t i s f i e s  th e  fo llow ing :
(a) A C H(A) f o r  any A C X.
(b) H(A) C  H(B) i f  A C B.
(c ) H«H = H.
(d) A €  e  i f f  H(A) = A.
C onversely  l e t  H be  a  map from P(X), th e  power s e t  o f  X, to  P(x) such 
th a t  H(0) = (j).
A lso suppose th a t  H s a t i s f i e s  ( a ) ,  ( b ) , (c ) and G i s  d e fin ed  as in
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(d) ; th e n  C i s  a co n v ex ity  s t r u c tu r e ,a n d  th e  co rrespond ing  h u l l  o p e ra to r  
H' co in c id e s  w ith  H.
P ro o f . Axioms ( a ) , ( b ) , and (c) can b e  dem onstrated  by d i r e c t  a p p l i­
c a t io n s  o f  th e  d e f in i t i o n  o f H. To prove (d) co n s id e r A € Then 
s in c e  A  E. and A O  A, th e  d e f in i t io n  o f  H im p lie s  H(A) C. A. By (a)
A C H(A) so  A = H(A). Also i f  A = H(A) € C th en  A £
C onversely  l e t  = {A: H(A) = A} w here H i s  an o p e ra to r  from P(20
to  P(30 such th a t  H((j)) = (j) and H s a t i s f i e s  ( a ) ,  (b) and ( c ) . Now <}) £ <S, 
and X £ C by ap p ly in g  (a) , so i t  m ust b e  shewn th a t  ^  i s  c lo sed  under 
a r b i t r a r y  in t e r s e c t i o n s .  L et ^  C and n o te  th a t  D f C C,where C i s  
any member o f  J .  So by (b) and th e  d e f in i t i o n  o f  C , H(C) = 0 ,
h e r e f o r e ,  H ( P S )  C D{C: C €  J }  = f l S .  By (a) i t  must be th a t  
C H( n  ^  ) . T h e re fo re  H (n ^ )  = 0 5 ,  and 05^ C .
L e t H' be th e  co rresp o n d in g  h u l l  o p e ra to r  a s s o c ia te d  w ith  C .  I f  
A C X th en  H’ (A) = 0  {C e  C:C D A}, so H' (A) € C  and A C H’ (A) . By (b) 
and th e  d e f in i t io n  o f  C» H(A) C H(H*(A)) = H '(A ). But by (c)
H(H(A)) = H (A ),so H(A) C C .  S ince H(A) £  C and A C H (A ), by d e f in i t i o n  
o f h ' ,
H*(A) = 0{C e  g : C  3 A} C H(A).
T h e re fo re  H '(A) = H(A) fo r  each s u b se t A C X, com pleting th e  p ro o f .
2 .4 .  D e f in i t io n . Any mapping o;X x  X ->■ P(X) such th a t  o (x ,y )=  a ( y ,x ) ,  
o (x ,x )  = X ,  and x e a (x ,y )  fo r  a l l  (x ,y )  £  X x  X i s  c a l le d  a segm ent 
o p e ra to r  on X x  X. For any segment o p e ra to r  a ,  a  co rresponding  jo in  
o p e ra to r  on a l l  n - tu p le s  o f X, n €  N, i s  d e fin e d  in d u c tiv e ly  by 
dlCXf) = {x^}, = oCx^.Xg) and , i f  J^_^^is d e fin e d ,J^ (X j^ ,• ••  ,x^) =
U {o(x  ,u ) : u e j  ,  (x ., • • • . X  , } .  We c a l l  J  commutative i f f  f o r  any 
n n—i  i  n—1 n '
n - tu p le  ( x ^ , '" ' , x ^ )  and any p erm u ta tio n  (x^ , »" ,x^ ) i t  i s  t r u e  th a t
1 n
J  ( x L ," '" ,x  ) = J  (x, ,*** ,x . ) .  When J  i s  commutative and B = ti X ÎL n ic m1 n
{ x L , . . , x  } th en  we w r i te  sim ply J  (B) fo r  J  { x ,,* * * ,x  } .X n n n  X n
2 .5 . D e f in i t io n . The jo i n  o p e ra to r  on a p o in t  x €  X and s e t  A C X is  
d e fin e d  by a  mapping J :X x P ( X )  -*■ P(X ), w here f o r  x e  X and A C  X
J(x ,A ) = t/{cF(x,a) :a  €  A}.
Thus th e  o p e ra to r  above may be d e fin ed  in d u c tiv e ly  by J ^ ( x ^ , " ' ' , x ^ )  =
I f  H i s  a  h u l l  o p e ra to r  ( s a t i s f y in g  axioms ( a ) ,  (b) and (c ) o f 
Theorem 2 .3 )  and i f ,  i n  a d d i t io n ,  H(x) = {x} f o r  x £  X, th en  a  n a tu ra l  
segment o p e ra to r  i s  th a t  d e f in e d  by a (x ,y )  = H {x,y} = H (x,y) fo r  each 
(x ,y )  E. X x X .  In  th i s  case  th e  j o i n  o p e ra to r  J:X  P(x) P (x) becomes
J(x ,A ) = t /{ H (x ,a ) ;  a  E  A}.
In  c l a s s i c a l  co n v ex ity , i f  xA denotes th e  jo in  o f  x and A i n  th e  
u su a l se n se  we have
conv xA “  X  conv A fo r  x E  X and A C X.
In  a b s t r a c t  s e t t in g s  t h i s  p ro p e rty  becomes
H (J(x ,A )) -  J(x,H(A>) (*)
2 .6 . D e f in i t io n . P ro p erty  (*) i s  c a l le d  j o in - h u l l  com m utativ ity  f o r  e i th e r  
ê  o r  H. I f  (*) i s  re q u ire d  only  fo r  f i n i t e  s e t s  A, th en  we say  th a t  6  
o r  H i s  f i n i t e l y  j o i n - h u l l  com m utative.
A nother im p o rtan t p ro p e r ty  in  c l a s s i c a l  convex ity  i s  th e  fo llo w in g , 
due to  C aratheodory : I f  x  E  conv A th e re  i s  a  f i n i t e  s e t  B C A such th a t
X e  conv B. In  a b s t r a c t  s e t t in g s  th i s  p ro p e rty  may be assumed as an axiom.
2 .7 . D e f in i t io n . I f  f o r  each su b se t A o f  X, x E  H(A) im p lie s  th e re  
e x i s t s  a  f i n i t e  s u b se t B o f  A such  th a t  x E  H(B) th en  e i t h e r  6  o r  H
i s  s a id  to  be domain f i n i t e .
Kay and Womb le  [8l have e s ta b l is h e d  th e  f i r s t  two fo llo w in g  lemmas.
2 .8 . Lemma. A convexity  s t r u c tu r e  (a i s  [ f in i te ly ]  jo in - h u l l  commutative 
i f f  fo r  each x £  X and [ f i n i t e ]  su b se t A C  X i t  i s  t r u e  th a t
H(x U A) C  J(x ,H (A )).
2 .9 . Remark. L et 6  be a  convexity  s t r u c tu r e  on a s e t  X. I t  can e a s i ly  
be shown th a t  i f  x 6  X and A C  X th en  H(x U k) = H (J(x ,A )) .
2 .1 0 . Lemma. I f  6  i s  a convex ity  s t r u c tu r e  t h a t  i s  f i n i t e l y  jo i n - h u l l  
commutative and domain f i n i t e  then  6  i s  j o i n - h u l l  com mutative.
2 .1 1 . Lemma. I f  th e  convexity  s t r u c tu r e  <o i s  f i n i t e l y  jo in - h u l l
com m utative, th en  fo r  any f i n i t e  s e t  B = J ^ ( x ^ , . « «,x^} = H(B).
Consequently  i s  com mutative fo r  a l l  n ^  2.
P ro o f . The p roo f i s  by in d u c tio n  on n . Now HCx^.Xg)
so th e  a s s e r t io n  i s  t r u e  f o r  n * 2 . L et B = {x^,***,x^} and
A = Br\j{x^}; th en  by th e  in d u c tio n  h y p o th e ses , f i n i t e  jo in - h u l l  com m utativity
and Remark 2 .9  we have J  (x , ,* * * ,x  ) = J (x  , J  , (A)) = J ( x  ,H(A)) =n i. n n  n—i  n
H (J(x^ ,A )) = H(x^ Ü A) = H(B). Hence i f  Xĵ  » ,x^ i s  any perm uta-
1 n
t io n  o f  x ^ , ' ' ' , x ^  then  , . . . , Xj ^)  = h ( x,̂  ' " ' , x ^  ) =
I n  I n
U / ' v  • • •  v  \  as  T /  V  ‘
1 n n 1 n
I t  i s  o f te n  u s e fu l to  develop a conv ex ity  s t r u c tu r e  from a  segm ent
o p e ra to r  and v ic e  v e rs a . The fo llo w in g  theorem  gives th e  r e la t io n s h ip
which a r i s e s  when b a s ic  p ro p e r t ie s  o f  each a re  d e s ire d .
2 .1 2 . Theorem. Let £  be a  convex ity  s t r u c t u r e  on X, whose co rrespond ing  
h u l l  o p e ra to r  H s a t i s f i e s  th e  axioms:
(a ) H i s  T^.
(b) H i s  domain f i n i t e .
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(c) H i s  f i n i t e l y  j o i n - h u l l  com mutative.
(d) I f  z G H (x ,y) th en  H (x,y = H (x ,z) U H (z ,y ) .
L et a segm ent o p e ra to r  on X b e  d e fin e d  by cr(x,y) = H (x ,y) fo r  each 
(x ,y ) X X, w ith  g - s e ts  d e f in e d  as th o se  s e t s  C w ith  th e  p ro p e rty
th a t  g (x ,y )  C- C fo r  x and y i n  C. Then g w i l l  obey th e  fo llo w in g :
( a ')  I f  X ,  y , z a re  in  X, u  €  a (x ,y )  and v  £  a ( u ,z )  th e n  th e re  
i s  a w e  0 (y ,z )  such th a t  v  € a (x ,w ) .
(b*) z e  g (x ,y )  im p lie s  g (x ,y )  = g (x ,z )  U g ( z ,y ) .
( c ')  €  i s  p r e c is e ly  th e  fam ily  o f  g - s e t s .
C onversely , i f  g i s  a  segm ent o p e ra to r  on X s a t i s f y i n g  axioms (a*) 
and (b ’ )> and a  conv ex ity  s t r u c tu r e  <o i s  d e fin ed  as in  ( c * ) ,  th en  th e  
co rrespond ing  h u l l  o p e ra to r  H w i l l  obey axioms ( a ) , ( b ) , (c ) and (d) 
and th e  segment o p e ra to r  g* d e fin e d  from 6  w i l l  c o in c id e  w ith  th e  
o r ig in a l  o p e ra to r  g .
P ro o f .
( a ')  L et X, y ,  z ê  X, u e  a (x ,y )  and v £ 0 ( u ,z )  . By d e f in i t io n
V G J ( z ,o ( x ,y )  = J g ( z ,x ,y ) .  Lemma 2 .11  im p lies  th a t  J g ( z ,x ,y )  =
J g ( x ,y ,z ) '  Hence, v 6  J g (x ,y ,z )  = J ( x ,a ( y ,z ) )  so th e r e  e x i s t s  
w €  g (y ,z )  such th a t  v £  g (x ,w ) .
( b ')  T his fo llow s d i r e c t ly  from ( d ) .
( c ')  This i s  a r e s u l t  proved by Kay and Wombl e  [8 ]
For th e  co nverse , l e t  a s a t i s f y  (a*) and (b ’) and l e t  6  be  th e  s e t  
o f  o - s e ts ,w i th  H th e  co rrespond ing  h u l l  o p e ra to r . €  i s  o b v io u sly  c lo sed  
under i n t e r s e c t io n s ,  s in c e  any I n te r s e c t io n  o f  g -s e ts  i s  a  a - s e t .  By 
th e  d e f in i t i o n  o f  segment o p e ra to r s ,  a  s in g le to n  s e t  {x} i s  a  G - s e t  s in c e  
a (x ,x )  = {x} , so  (a) fo llo w s .
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(b) S e t C = U {H(B) ; B i s  a f i n i t e  su b se t o f  A } . We show th a t
C €  €  and A c  C C H(A), th e reb y  p rov in g  t h a t  H(A) = C and e s ta b l is h in g
domain f in i t e n e s s .  I f  x ,y  6  C th e n  th e re  e x i s t s  f i n i t e  su b se ts  B^, B^ o f
A such th a t  x e  H(B^) and y €  HCBg). But B^ U Bgis a f i n i t e  s u b se t o f  A,
and s in c e  H(B^ (J B^) i s  a  member o f  (g and th u s  i s  a a  -  s e t ,  o (x ,y )  C
H(Bj^U B^) C  C and so  C G S .  I t  i s  obvious th a t  A C C ;  i f  x €  C th e n
X e  H(B) fo r  some f i n i t e  s e t  B c  A, and hence x e  H(B) c  H(A).
(c) We f i r s t  show th a t  f o r  any C €  ë  , J (x ,C ) g  Q . Let
y ' ,  z 'Ç  J (x ,C ) and v  g  à  (y ' , z ' )  . Then th e re  e x i s t s  y and z in  C such 
th a t  y ’ g  a  (x ,y )  and z ' e  o ( x ,z ) .  C onsider z , x , y ' i n  X, .z ' e  a ( z ,x ) ,  
and v e  a  ( z ' , y ' ) .  By ( a ')  th e r e  i s  u € a ( x , y ' )  such th a t  v e a ( z » u ) .  But
o (x ,y ')U < J(y '» y )  = a ( x , y )  by ( b ’) ,  so  u g  c r ( x ,y ) . C onsider x , y ,  z in  
X w ith  u e a ( x , y ) ,  v  e  (u ,z )  ; by ( a ')  th e re  i s  w e  o ( y , z) such th a t  
V €  o (x ,w ) . S ince C i s  a 0- s e t  w ith  b o th  y e  C and z e  C, 0 ( y ,z )  C  C. 
Hence, w €  C. Then v e  U {c(x,w) :w e  C} = J(x ,C ) , so a ( y ' , z ' )  C J (x ,C ) .  
T h ere fo re  J (x ,C ) i s  a  0 - s e t ,  so  i t  belongs to  <o . Now f o r  any A c  X 
H(A)6  ê ' i  th e re fo re  s in c e  x U  A C  J (x ,A )C  J(x ,H (A )) we have 
H(x U A) C  H (J(x,H (A )) = J (x ,H (A )) . By Lemma 2 .8  S  i s  jo in - h u l l  
com m utative.
(d) We must show th a t  th e  segm ent o p e ra to r  g iven  by a '( x ,y )  =
H (x ,y) c o in c id es  w ith  a,  th a t  i s ,  t h a t  O (x ,y )  = H (x ,y ) . I f  u ,v  €  o (x ,y )  
th en  by (b*) v g  0 (x ,y )  = o (x ,u )  U o ( u ,y ) ,  so v e  o (x ,u )  o r  v  e  o ( u ,y ) .  
In  th e  f i r s t  c a s e , o (x ,v )  (J o ( v ,u )  = 0 (x ,u )  C o ( x , y ) ,  and in  th e  second , 
a ( u ,v )  U o (v ,y )  = 0 ( u ,y )  C  o ( x ,y ) .  S ince  0 (u ,v )  = o (v ,u )  e i th e r  case  
im p lie s  th a t  a (u ,v )  c  o ( x ,y ) . T h e re fo re  a (x ,y )  i s  a  a - s e t ,  and
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o (x ,y )  6 e  , and {x,y} C a (x ,y )  im p lie s  H (x ,y) C  o ( x ,y ) .  A lso 
{ x ,y } C H (x ,y ) , so  s in c e  H (x ,y) i s  a  a - s e t ,  cr(x ,y) C  H (x ,y ) im plying  
th a t  a (x ,y )  = H (x ,y ) .
CHAPTER I I I
THE AXIOMATIC DEVELOPMENT OF LINES 
FROM SEGMENT OPERATORS
In  th i s  c h a p te r  a  system  o f  axioms t s  considered  which e s s e n t i a l ly
allow s us to  b u i ld  l i n e s  from p ro p e r t ie s  o f segm ents. These axioms se rv e
as a rep lacem ent fo r  axiom system s f o r  l in e s  y ie ld in g  th e  u su a l alignm ent 
p ro p e r t ie s  as norm ally  encoun tered  in  found a tio n s  o f geometry [11].
L et 0 be  a  segment o p e ra to r  on X x  X which f o r  a r b i t r a r y  v ,  w, x , 
y , z in  X s a t i s f i e s  th e  fo llo w in g  alignm ent axioms ;
(a) I f  z e  o (x ,y )  th en  a (x ,y )  = o (x ,z )  U o ( z ,y ) .
(b) I f  a (x ,y )  = o (x ,z )  th en  y = z .
(c) o (x ,y )  c o n ta in s  au l e a s t  th re e  elem ents o f  X.
(d) I f  y e o (x ,z )  n  a(x ,w ) and y ^ x th en  th e re  e x i s t s  v  €  X such 
th a t  b o th  z and w belong  to  0 (x ,v ) '^ { v } ,
(s) I f  X £ V (w ,y) and y £  c ( x ,s )  th an  x c  c (w ,z ) .
For b r e v i ty  xy i s  w r i t t e n  fo r  a ( x ,y ) .  The n o ta t io n  (xyz) means 
y e  o (x ,z )  ^ { x ,z } ,a n d  f u r th e r  (wayz) means (w xy), (w xz), (wyz) and (xyz)
3 .1 . Theorem  ̂ I f  (xyz) th en  n o t (xzy) nor (y x z ) .
P ro o f . I f  (xyz) and (xzy) th e n  by (a) xz = xy U yz and 
xy = x z  Ü zy . T h e re fo re  xy c xy U yz = xz and xz c xz U zy = xy, o r
xy = xz. Axiom (b) th e n  im p lie s  th a t  y = z ,  which i s  a  c o n tra d ic t io n .
A s im i la r  argument im p lie s  n o t b o th  (xyz) and (y x z ) .
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1 1
3 .2 . Theorem . I f  (wxy) and (wyz), then  (w xyz).
P ro o f . By d e f in i t i o n  i t  need only be shown th a t  (wxz) and (xyz) 
h o ld . Now (wxy) i n ç l i e s  th a t  w ^ x ,  and i f  x = z th e n  (wxy) and (wyz) 
become (wxy) and (wyx% which i s  im p o ssib le  by Theorem 3 .1 . By 
h y p o th e s is  and axiom (a ) x  e  wy c  wy U yz =wz; th e r e f o r e  (w xz). Again by 
hypo theses and axiom (a ) x ^ y ,  y f  z ,  and x e  wy c  wy U yz =wz, hence 
y e  wz = wx Ü x z . The p ro o f w i l l  be com plete by showing y ^  wx. But 
y # w, y f  X ,  s o y e w x - ^  (wyxX which to g e th e r  w ith  (wxy), i s  a  c o n tra d ic ­
t io n .
The fo llo w in g  theorem  fo llow s d i r e c t ly  from axiom ( c ) .
3 .3 . Theorem. I f  x ,y  €  X and x ^ y  th e re  e x i s t s  z 6  X such th a t  (x zy ).
3 .4 . Theorem . I f  x ,y  6  X and x y th en  th e re  i s  a  p o in t z e  X such 
th a t  (x y z ) .
P ro o f . By Theorem 3 .3  th e re  i s  w e  X such th a t  (xwy), so  app ly ing  
axiom (d) to  w e  o (x ,y )  0  o (x ,y )  th e re  i s  z e  X such  th a t  y e  a ( x ,z ) '^ { z } .  
But y ^ X so  (x y z ) .
3 .5 .  Theorem . I f  (wxy) and (xyz) th en  (wxyz).
P ro o f . By axiom (e) x e  o(w,z% b u t  x f  w and x ^ z so  (wxz) . Hence 
Theorem 3 .2  im p lie s  t h a t  (wxyz).
3 .6 .  Theorem . I f  x ^ y ,  (wxz) and (wyz) th en  (wxyz) o r  (w yxz).
P ro o f . The hypo theses and axiom (a ) im ply x e  wz = wy U y z . I f
X e  wy th e n  x ^ w and k  ^  y  im ply (wxy), and i f  x e  yz th en  x ^ y and 
X  # z in ç ly  (y x z ). But by Theorem 3 .2  (wxy) and (wyz) imply (wxyz), w h ile  
(yxz) and (wyz) im ply (w yxz).
3 .7 .  Theorem . I f  (wxy) and (wxz) th e n  y = z ,  (wxyz), o r  (wxzy).
P ro o f . By axiom (d) th e re  e x i s t s  v e x  such th a t  (wyv) and (w zv).
1 2
I f  y ^ z Theorem 3.6 Im p lies  (wzyv) o r  (wyzv). Now (wzyv) im p lie s  (wzy) 
w hich w ith  (wxz) im p lie s  (w xzy). Also (wyzv) im p lie s  (wyz) which w ith  
(wxy) im p lie s  (wxyz).
3 .8 . D e f in it io n . I f  x ,y  e  X, and x f  y th en  a ray  R (x,y) from x th e  
d i r e c t io n  o f  y  i s  d e fin ed  as R (x ,y ) = {z: z = x , z = y , (xzy o r  (xyz)} .
3 .9 . Theorem. I f  z e  R (x,y) and z x th e n  R (x ,y) c  R (x ,z ) .
P ro o f . Assuming z ^ y th e n  e i t h e r  (xzy) o r (x y z ) . Suppose (xzy)
and th a t  v 6 R (x ,y ); we prove v  e  R (x ,z ) . I f  v  = y then  (xzy) im p lie s  
(xzv) and v £  R (x ,z ) . The r e s u l t  i s  obvious fo r  v = x and v = z . I f  
(xvy) th en  (xzy) and Theorem 3 .6  im ply e i t h e r  (xvzy) o r  (xzvy) . Thus, 
e i t h e r  (xvz) o r  (x zv ), e i t h e r  o f  which im p lie s  th a t  v e  R (x ,z ) . I f  (xyv) 
th en  (xzy) and Theorem 3 .2  im ply th a t  (xzyv), which im p lies  (xzv) so 
again ,V  E R (x ,v ).
I f  (xyz) then  ag a in  l e t  v E R (x ,y ) . I f  v = x , y ,  o r  z th e n  v E  R (x,z)
as above. I f  (xvy) th en  Theorem 3 .2  and (xyz) in ç ly  (xvyz) w hich im p lie s
(xvz) and v £  R (x ,z ) . I f  (xyv) th en  (xyz) and Theorem 3 .7  im ply (xyvz)
o r  (x y zv ), so  (xvz) o r  (x z v ), and in  each case th i s  im p lie s  v  E  R (x ,z ) .
T here fo re  R (x,y) C R (x ,z ) .
An obvious c o ro lla ry  i s  th e  fo llo w in g .
3 .10 . C o ro lla ry . I f  z e  R (x ,y ) and z x then  R (x,y) = R (x ,z ) .
3 .1 1 . Theorem. I f  z E ^ ( x ,y )  {y} th en  R (z,y ) c R (x ,y ) .
P ro o f . The case z = x c l e a r ly  s a t i s f i e s  th e  theorem , so  assume z ^ x , 
th en  (x zy ). I f  v E R (z,y ) e i t h e r  v = z , v = y ,  (zvy) o r  ( z y v ) . I f  v = z 
o r  V = y th en  v i s  c le a r ly  in  R (x ,y ) . I f  (zvy) then  (xzy) and Theorem 
3 .2  imply (xzvy) which im p lie s  (x v y )j hence v £ R (x ,y ). I f  (zyv) th en  
(xzy) and Theorem 3.5 in ç ly  (x z y v ), which im p lie s  (xyv) and ag a in
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V  e  R (x ,y) p rov ing  th e  theorem .
3 .12 . C o ro lla ry . I f  (zxy) th en  R (x ,y ) C R ( z ,x ) .
3 .13 . D e f in it io n . The l in e  through th e  p o in ts  x and y (x /  y) i s  
d e fin ed  by
h (x ,y )  = R (x ,y) U R (y ,x ) .
3 .14 . Theorem. I f  z e  L (x ,y ) and z f  x th e n  L (x ,y )  = L (x ,z ) .
P ro o f . The ca se  z = y i s  o b v io u s . I f  z ^ y th en  e i th e r  (z x y ) ,
(xzy) o r  (xyz) m ust h o ld .
In  case (zxy) th e n  by c o r o l la r y  3.12 R (x ,y ) c R (z,x ) c L ( x ,z ) .  But 
(zxy) a lso  means (yxz) so  by C o ro lla ry  3 .12  R (x ,z ) C R (y ,x) c L ( x , y ) .
L et V C R (y ,x ). I f  v  => y , th en  (zxy) im p lie s  v € R (z ,x )  c L (x ,z ) .  I f  v = x ,
V e  R (x ,z ) . I f  (yvx) th en  (zxy) and Theorem 3 .2  imply (zxvy) , which 
im p lie s  (zxv), so  v e  R (z,x ) c L ( x ,z ) .  I f  (yxv) th en  (zxy) (which i s  th e  
same as (yxz)) and Theorem 3 .7  im p lie s  e i t h e r  v = z , (yxvz) , o r (yxzv).
I f  V  = z th en  v e  L ( x ,z ) .  I f  (yxvz) th en  (xvz), which im p lie s
V £  R (x ,z) c  L ( x ,z ) .  I f  (yxzv) th en  (xzv% which im p lie s
V e  R (x ,z) c  L ( x ,z ) .  T h ere fo re  R (y ,x) C L (x ,z ), so  L (x ,y ) C L ( x ,z ) .  I t
can a ls o  be shown t h a t  R (z,x) C L (x ,y ) so  t h a t  L (x ,z )  C. L (x ,y ) .  The 
o th e r  two cases (xzy) o r  (xyz) a re  l e f t  to  th e  re a d e r .
3 .15 . Theorem I f  v ,z  6  L (x ,y ) and v  ^ z ,  th en  L (x ,y ) = L (v ,z )  . That
i s ,  two p o in ts  l i e  on a unique l i n e .
P ro o f . Assume v and z a re  n o t x and y i n  some o rd e r ,  and u n le ss
V ^  X, V é y , z ^  X ,  and z ^  y  Theorem 3 .14  im p lie s  th e  r e s u l t .  O therw ise
v e L ( x ,y )  and v  ^  x ; so  L (x ,y) = L (x ,v ) = L (v ,x ) by Theorem 3 .1 4 . But
z e  L (x ,y ) = L (v ,x )  and v f  z ;so  ag a in  by Theorem 3.14 L (v ,x ) = L (v ,z ) .  
T h ere fo re  L (x ,y ) = L (v ,z ) .
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3 .1 6 . D e f in i t io n . A r e la t io n  < on L (x ,y )  i s  d efin ed  by u < v  where 
u , v €  L(xy) I f f  R (u ,v )/O  R (x ,y) = R(z,w ) fo r  some z ^  v .
3 .1 7 . Theorem. The above r e l a t i o n  on th e  l i n e  L (x ,y ) I s  a  l i n e a r  o rd e r .  
P ro o f . I f  u ^ V and u ,v  e  L (x ,y ) th e n  I t  can be shown th a t  u < v o r
V  < u . A ty p ic a l  case  I s  when (uxy) and (vxy) ; th en  s in c e  u # v . Theorem 
3 .7  Im p lie s  (uvxy) o r  (vuxy). But (uvxy) Im plies R(u,v) H R (x ,y) = R (u ,v ) , 
so  u < V .  The r e la t io n  (vwqr) Im p lie s  R (v ,u ) C\ R (x,y) = R (v ,u ) , so  v < u. 
The r e la t io n  < I s  a lso  a n tisy m m e tric , n o n re f le x iv e  and t r a n s i t i v e .  The 
p ro o fs  In v o lv e  s e v e ra l  cases  each o f  w hich Is  e a s i ly  an a ly zed .
I t  can be shown th a t  I f  0 *(x ,y ) I s  th e  s e t  o f  p o in ts  on L (x ,y ) betw een 
X  and y In  th e  above l i n e a r  o rd e r  th e n  ct’ =» 0 ,  th e  o r ig in a l  segm ent 
o p e ra to r .  So s t a r t i n g  from a  segment o p e ra to r  a  a  " l in e  o p e ra to r"  L 
has been c o n s tru c te d  whose " r e s t r i c t i o n "  I s  a .
I f I s  th e  fam ily  o f  a l l  f l a t s  ( t r a n s la t e s  o f  subspaces) I n  a 
v e c to r  sp a c e , one can c o n s id e r  th e  co rresp o n d in g  ( a f f in e )  h u l l  o p e ra to r  
as b e fo re ,  s in c e  (J I s  c lo se d  under I n te r s e c t io n s .  A member F o f  
I s  c h a ra c te r iz e d  by th e  p ro p e r ty ; x  e  F and y G F I f f  th e  l i n e  L (x ,y ) 
determ ined  by x and y I s  co n ta in ed  In  F . Hence, we m ight c o n s id e r  
th e  q u e s tio n  w hether th e re  I s  a  theorem  fo r  an a f f in e  h u l l  o p e ra to r  
analogous to  2 .1 2 , p e r ta in in g  to  th e  convex h u l l  o p e ra to r . The fo llo w in g  
theorem  I s  th e  analogue we se e k .
3 .1 8 . Theorem. L e t(5 b e  a  co nvex ity  s t r u c tu r e  on X, whose co rrespond­
in g  h u l l  o p e ra to r  A s a t i s f i e s  th e  axiom s:
(a ) A I s  T^.
(b) A i s  domain f i n i t e .
(c) A I s  f i n i t e l y  jo i n - h u l l  com m utative.
15
(d) I f  u ,v  e  A (x,y) th en  A (u,v) = A (x ,y ) .
L et a  mapping from XX-X to  P(X) be d e fin e d  by L (x ,y ) = A (x,y) f o r  
each x ,y  £  X, w ith  L -s e ts  d e fin e d  as th o se  s e t s  F w ith  th e  p ro p e rty  th a t  
L (x ,y ) C F i f  x ,y  a re  in  F. Then L w i l l  obey th e  fo llo w in g ;
( a ')  L (x ,x ) = X.
( b ’) I f  X ,  y , z a re  in  X and u e  L (x ,y ) ,  v e  L ( u , z ) ,  then  th e re  i s
w €  L(y,z.) such th a t  v e  L (x ,w ).
( c ’) u ,v  e  L (x ,y ) im p lie s  L (x ,y ) = L ( u ,v ) .
(d*) Cp i s  p r e c is e ly  th e  fam ily  o f  L - s e ts .
C onversely i f  L i s  a  map from X X in to  P(X) s a t i s f y i n g  (a * ) , ( b ' ) ,
( c ')  and a co n v ex ity  s t r u c t u r e  Ç i s  d e fin e d  as in  ( d ' ) ,  th e n  th e  
co rresp o n d in g  h u l l  o p e ra to r  A w i l l  obey ( a ) , ( b ) , (c) and (d) and th e  
mapping L’ d e f in e d  by L ’ (x ,y )  = A (x,y) w i l l  co in c id e  w ith  L.
P ro o f . The argum ents used i n  Theorem 2 .12  app ly .
2
I f  X = R and A i s  th e  u su a l a f f in e  h u l l  o p e ra to r  on X then
2
L (x ,y ) = A (x ,y) g ives l in e s  in  R . Note th a t  in  t h i s  ca se  A i s  n o t 
f i n i t e l y  j o i n - h u l l  com m utative, s in c e  th e  jo in  o f  a l i n e  L and a  p o in t 
X  ^  L does n o t c o n ta in  th e  l i n e  through x p a r a l l e l  to  L. However, t h i s  
i s  n o t th e  case  in  th e  p r o je c t iv e  p lan e  s in c e  every  p a i r  o f  l in e s  must 
i n t e r s e c t .  T h e re fo re , th e  p r o je c t iv e  p la n e  X, w ith  = th e  fam ily 
o f  a l l  f l a t s ,  would b e  an example o f  a  system  s a t i s f y in g  th e  h y p o th e s is  
o f  Theorem 3 .1 8 . Note a lso  th a t  th e  p r o je c t iv e  p la n e  w ith  th e  l i n e  a t  
i n f i n i t y  removed i s  isom orph ic to  th e  E uclidean  p la n e . H ence, the  
p ro p e r t ie s  o f  l i n e  o p e ra to rs  cou ld  be s tu d ie d  in  th e  p r o je c t iv e  p la n e , 
then  t r a n s f e r r e d  to  th e  E uclidean  p la n e  by sim ply removing some l i n e .
The above id e a  adm its th e  fo llo w in g  g e n e ra l iz a t io n :  L et (X,F) be
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a v e c to r  space over F. In tro d u c e  th e  eq u iv a len ce  r e la t io n  = on X by
X = Xx i f f  X  ̂ 0.
A
3 .1 9 . D e f in i t io n . L et X = {X;x lE X, x ^ 0} th en  X i s  c a l le d  a  p ro ­
je c t iv e  sp ace  o v er F o f  d im ension eq u a l to  dim X -  1 i f  dim X< and 
i n f i n i t e  o th e rw ise . L et H be  a hy p erp lan e  o f  X then  H = { x :x e  H, x f  0} 
i s  c a l le d  a p ro je c t iv e  h y p e rp la n e . We s t a t e  w ith o u t p roof
•k  *
3 .20 . Theorem. I f  H i s  any hy p erp lan e  in  a v e c to r  space X, th en  X ~ H 
i s  a v e c to r  space  over F th a t  i s  isom orph ic to  H.
Thus, as  i n  th e  2 -d im ensional c a s e , p ro p e r t ie s  o f  l in e  o p e ra to rs  fo r
ii
X have im p lic a tio n s  fo r  v e c to r  spaces  by l i f t i n g  t h e i r  p ro p e r t ie s  from
*  *
X ~ H .
CHAPTER IV
PROPERTIES OF CONVEX AND PRECONVEX FUNCTIONS
4 .1 . D e f in i t io n . I f  g, i s  a convexity  s t r u c tu r e  on th e  s e t  X th en  th e  
p a i r  ( X ,ê )  i s  c a l le d  a convexity  sp a c e .
4 .2 .  D e f in i t io n . C onsider th e  convex ity  spaces (X ,(?) and ( Y ,^  and a 
mapping f  from X to  Y. The map f  i s  s a id  to  be  convex (w ith  re s p e c t to  
g  and xy) i f  f  (C) when C 6  €  . F u r th e r ,  f  i s  s a id  to  b e  preconvex 
(w ith  re sp e c t to  (g a n d ,^  ) i f  f  ^(D)g; g  when D €  . The fu n c tio n  f
i s  a convexity  isomorphism i f  f  i s  one to  one, o n to , convex and preconvex. 
In  such a case  th e  convex ity  s t r u c tu r e s  a re  c a l le d  iso m o rp h ic .
R eca ll th a t  a  map f  from R^ to  R i s  c a l le d  convex ( in  th e  c l a s s i c a l
sen se) i f  fo r  each x and y in  r’̂
f(Ax + (l-A )y ) £  Xf(x) + ( l-X )f (y )  f o r  0 £  A £  1.
Any such fu n c tio n  i s  con tinuous and so p re se rv e s  co nnec tedness . L e t g ^
and €  denote th e  u su a l convex ity  s t r u c tu r e  on R^ and R r e s p e c t iv e ly .  Then 
C e  im p lie s  f(C) €  6  , because  f(C ) i s  connected and th e re fo re  i t  i s  
an in te r v a l .  So ,every  c la s s i c a l l y  convex fu n c tio n  i s  convex w ith  re s p e c t 
to  and €  .
Meyer and Kay fl03 have e s ta b l is h e d  th e  fo llo w in g  r e s u l t ,  which shows 
a c lo se  r e la t io n s h ip  between c l a s s i c a l l y  l i n e a r  fu n c tio n s  and fu n c tio n s  
which a re  convex i n  our sen se .
4 .3 .  Theorem. I f  V and W a re  r e a l  v e c to r  spaces w ith  dim V > 1 and
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f :  V ^  W i s  a one to  one mapping which p rese rv es  th e  u su a l convex s e ts  
then  i f  f (0 )  = 0 ,  f  i s  a l i n e a r  map.
The fo llo w in g  q u e s tio n , r e f e r r e d  to  as " th e  l i n e a r i z a t i o n  problem " 
i s  o f i n t e r e s t :  F ind  a s e t  o f co n d itio n s  on a  g iven  convex ity  space
(X, (S ) in v o lv in g  only  th e  members o f  ë  w hich w i l l  imply th e  e x is te n c e  
o f a  v e c to r  space  s t r u c tu r e  (X,F) over an o rd e red  f i e l d  F such th a t  th e  
u su a l convex s e t s  o f  (X,F) become th e  elem ents o f  €  . In  a  re c e n t p a p e r [7] 
Kay has answered th i s  q u e s tio n  in  the  a f f i rm a t iv e .
The fo llo w in g  theorem  allow s th e  l i n e a r i z a t i o n  problem  to  be 
s ta t e d  i n  term s o f  th e  e x is te n c e  o f  a c e r t a in  conv ex ity  isom orphism .
4 .4 .  Theorem. L et ( X ,6 )  and be  convex ity  sp a c e s , w here Y i s  a
v e c to r  space  o v e r an o rdered  f i e l d  F and «<9' i s  th e  u su a l convex ity  
s tru c tu re ^  th a t  i s ,  D e  àO" i f f  x ,y  e  D im p lie s  t h a t  ax  + ( l - a ) y  €  D fo r  
a  e  F and 0 < a  5_1. I f  ( X ,g )  i s  isom orphic to  (Y ,#0'), th en  th e re  e x is t s  
a v e c to r  sp ace  s t r u c tu r e  on X over F such th a t  €  i s  th e  u su a l convexity  
s t r u c tu r e .
P ro o f . L et f  be  th e  convex ity  isom orphism  in  th e  h y p o th e se s . For 
any x ,y  g X and a  €  F d e f in e  x + y and a*x to  be th e  e lem ents o f  X whose 
images a re  f (x )  + f (y )  and a f (x )  r e s p e c t iv e ly ;  th e n  (X ,+ ,» ,F ) i s  a 
v e c to r  sp a c e . By d e f in i t io n  o f + ,•
f[a-(x+y)] = af(x+y) =■ a [f(x ) + f(y)} = a f(x ) + af(y) 
= f(a*x ) + f(a*y)
= f  Ca*x + a-y]
S ince f  i s  1 -  1 th i s  im p lie s  a* (x  + y ) = a*x + a*y* The d em onstra tion  of 
th e  o th e r  v e c to r  space  p ro p e r t ie s  i s  s im i la r .  L e t C € S  and suppose 
x ,y  e  C. Then i f  0 < a  — 1,
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f[a x  + ( l - a ) y ]  = ccE(x) + ( l - c t ) f ( y ) .  S ince f  i s  convex f(C) £ so th a t  
f ( x ) ,  f (y )  e f(C) im p lie s  a f(x ) + ( l - a ) f ( y )  e  f (C ); th e r e f o r e ,
ax + ( l - a ) y  €  C, and C i s  convex in  th e  u su a l sen se .
C onversely l e t  C be any s e t  s a t i s f y i n g  th e  p ro p e rty  th a t  i f  u ,v  € C 
au + ( l - a ) v  e  C fo r  0 < a < 1 . Then f(C) has th e  p ro p e rty  t h a t  fo r  any 
p a i r  f ( x ) ,  f (y )  6 f(C)} a f (x )  + ( l - a ) f ( y )  = f [a x  + ( l - a ) y ]  e  f(C) so th a t  
f(C) Ê JS. But s in c e  f  i s  preconvex C 6 G. T h ere fo re , G. i s  th e  u su a l 
convexity  s t r u c tu r e  on (X ,F ).
I f  in  th e  above theorem  one re p la c e s  th e  u su a l convexity  s t r u c tu r e  
fi by th e  fam ily  o f  a l l  f l a t s  in  (Y ,F ), th e n  an argument s im i la r  to  th e  
one above shows th a t  6  would be th e  u su a l f l a t s  on th e  v e c to r  space 
(X ,F ). In  t h i s  case  i t  cou ld  be  s a id  t h a t  f  i s  l i n e a r  and p r e l in e a r  
s in c e  th e  image o f  a l i n e  i s  a l in e ,a n d  co n v e rse ly . More g e n e ra l ly ,  one 
can use t h i s  te rm ino logy  f o r  a mapping f  from a " l in e a r "  space  (X, (3) 
in to  (Y ,1B), w here (S. and ® a re  though t o f  as a f f in e  h u l l  o p e ra to rs ,  
in s te a d  o f convex h u l l  o p e ra to r s .
We now show th a t  a  number o f p ro p e r t ie s  w hich have been  co n sid e red  
by o th e r  a u th o rs  a re  isom orphism  in v a r ia n ts  in  our te rm ino logy .
4 .5 . D e f in it io n  . A conv ex ity  s t r u c tu r e  G ±s s a id  to  have C arathdodory 
number c i f f  c i s  th e  s m a l le s t  p o s i t iv e  in te g e r  f o r  which i t  i s  t r u e  th a t  
th e  G- h u l l  o f  any s e t  S C X i s  th e  union o f  th e  ^ - h u l l s  o f tho se  
su b se ts  o f  S o f  c a r d in a l i ty  le s s  th an  o r  eq u a l to  c .
4 .6 .  D e f in i t io n » A conv ex ity  s t r u c tu r e  has K elly  number h i f f  h i s  th e  
sm a lle s t  p o s i t iv e  in t e g e r  f o r  w hich i t  i s  t r u e  th a t  a f i n i t e  subfam ily
^  o f  s e t s  i n  has nonempty in te r s e c t io n  p rov ided  each h members o f  J  
have nonempty in t e r s e c t i o n .
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4 .7 . D e f in i t io n . A convex ity  s t r u c tu r e  S  has Radon number r  i f f  r  i s  
the sm a lle s t p o s i t i v e  in te g e r  fo r  which i t  i s  t r u e  th a t  any s e t  S w ith
c a r d in a l i ty  g r e a te r  th an  o r  equal to  r  has a Radon p a r t i t i o n , t h a t  i s , S
may be p a r t i t i o n e d  in to  two nonempty su b se ts  such th a t
H (S^)n HfSg) i  (J).
4 .8 . Theorem. I f  (x , C ) i s  isom orphic to  (Y,JD) then  f[H (S )] = H (f[S ]) 
fo r  s e x .
P ro o f . S in ce  S c  H(S) and f  i s  convex ,f[S ] C f[H (S )] e  <D *therefore,
by th e  d e f in i t io n  o f  H, H (f[S ]) C f [H (S )] .
C o n v erse ly , i f  D G and f(S ) c  D then  S c  f  ^(D) and f  ^(D) ^  ^  
s in c e  f  i s  p reconvex . T here fo re
H(S) = 0  C C n  f “ ^(D) = f ' Y  n  D \  = f " ^ [H ( f [S ] ] ,
C 3 S  D e D  D e  D )
c e c  D 3 f ( s )  yo 3 f ( s ) y
so f[H (S )] C H ( f [S ] ) .
4 .9 .  C o ro lla ry . I f  (X, C) i s  isom orphic to  (Y,J5)^ th en  (X, C ) has 
C aratheodory number c i f f  (Y ,|S ) has C arathéodory number c .
P ro o f . L e t C  have C arathéodory number c . Then i f  D £  <C)
f~^[H (D)] = H (f"^[D ]) = U{H(T);T C f"^[D ] and | t | < c } ,  
where | t | deno tes the  c a r d in a l i ty  o f  T. Hence
H(D) = f[U H (T ):T  C  f"^ [D ], | t | < c} ] = U{f [H(T) ]; T C  f “ ^(D) , 1T | < c } =
U {H (f[T ]) ; f(T ) C D  and |f ( T ) |  < c } ,so  15 has C arathéodory number le s s
than  o r  equal to  c .  The argument i s  sym m etric so th e  C arathéodory
numbers a re  e q u a l .
4 .1 0 . C o ro lla ry . Domain f in i te n e s s  and jo i n - h u l l  com m utativ ity  a re  
p re se rv e d  by isom orphism s.
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4 .1 1 . Theorem. I f  f  maps X onto  Y and f  I s  preconvex w ith  re sp e c t to  G 
and th en  i f  (X ,C ) has H elly  number h , (Y, JS) has K elly  number < h .
P ro o f . L et S  -  {D^ ;k  = 1 , 2 , " ' ' , n  6 } and suppose th a t  th e
in t e r s e c t io n  o f  each h members o f  J  have a nonempty in t e r s e c t io n .  L et 
= f  and H = {C^: k = l , - * - , n } ;  s in c e  f  i s  p reconvex , e  d!
fo r  each k L e t C, ,Ci_ be any h elem ents o f  H. Then
h h -1 ^  h
n  C% = n f  (D^ ) = f  ( n  %  ) .  But n  %  ^ 4) and s in c e  f  i s
i= l  i  i= l  à i= l  ^ i= l  i
h
onto th i s  im p lie s  0  f  <|i. But (X, C ) has H elly  number h so 
i = l  i
n
(1 C, ^ 4). S ince 
k= l
^ ^  ,  - 1.n Cĵ  = n f (Dĵ ) = f (OD^)
k=l
n
Q D, 5̂ 4>* T h e re fo re , (Y ,^5) has H elly  number le s s  th a n  o r  equal to  h . 
k= l
4 .1 2 . C o ro lla ry . I f  (X ,C ) and (Y ,J5) a re  isom orph ic , th e n  ( X ,O  has 
H elly  number h i f f  (Y ,J i)  h as  H elly  number h .
4 .1 3 . Theorem. Let (X ,G ) and (Y,JD) be convex ity  sp aces  and f  a one to  
one map from X onto Y which i s  preconvex. I f  (X, € )  has f i n i t e  Radon 
number r  then  the  Radon number o f (Y ,i3 ) i s  < r .
P ro o f . L e t D be any s e t  in  Y w ith  c a r d in a l i ty  g r e a te r  th an  o r  eq u a l 
to  th e  number h .  S ince f  i s  onto, |c| > h where C = f  ^(D), so th e re  e x i s t s
a Radon p a r t i t i o n  o f C. Since f  fe one to one,D^ = f(C ^) and = fCCg)
p a r t i t i o n  D. But f  ^CH(D^)1 D  f  ^  C^, i  = 1 ,2 ,  and s in c e  f  i s
preconvex f ^CH(D^)} ^  ^  so H(C^) c  f  ^[H(D^)] . T h e re fo re ,
4) ^  H(C^) f) HCCg) C  f '^ tH (D ^) n  HCDg)] so  H(D^) A H^Dg) ¥ 4>-
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4 .1 4 . C o ro lla ry . I f  (X ,g  ) and a re  isom orph ic , th en  (X ,g  ) has
Radon number r  i f f  has Radon number r .
The com position  o f convex isomorphism s i s  aga in  a  convex isomorphism 
and in  f a c t ,  under th e  o p e ra tio n  o f  com position  th e  s e t  o f  convex 
isomorphisms from a convexity  space  (X ,6 )  to  i t s e l f  forms a  group. The 
nex t r e s u l t ,  which i s  used l a t e r ,  i s  th e  analogue o f  a  c l a s s i c  theorem 
in  l in e a r  to p o lo g ic a l sp aces .
4 .1 5 . D e f in i t io n . A s e t  S i s  s a id  to  be s ta rsh a p e d  a t  a  p o in t x i f f  fo r
each y e  S i t  i s  t r u e  th a t  H (x ,y ) c S .  The n o ta t io n  (X, €  ,*%) i s  used fo r
a s e t  X w ith  convex ity  s t r u c tu r e  €  and topology ^  . I t  i s  s a id  th a t
(X, S  , ^ )  i s  lo c a l ly  s t a r  shaped a t  x i f  fo r  each neighborhood U o f x 
th e re  e x i s t s  a neighborhood V o f  x such th a t  V c  h and V i s  s ta rsh ap ed  
w ith  re sp e c t to  x . I f  th e  above holds f o r  each x e  X th e n  (X, 6  , ) i s
c a l le d  lo c a l ly  s ta r s h a p e d .
4.16 Theorem. I f  (X, € ,£ ? )  i s  lo c a l ly  s ta rsh a p e d  and f  i s  a  convex 
fu n c tio n  from (X, f )  to  th e  r e a l  nunhers (w ith  th e  u su a l convex ity  s t r u c ­
tu re )  then  f  i s  con tinuous i f f  f  (a) i s  c lo sed  fo r  each r e a l  number ct.
P ro o f . I f  f  i s  continuous then  th e  preim age o f  a  p o in t  must be c lo se d . 
C onversely , suppose f  ^ (a )  i s  c lo sed  fo r  each aeX and th a t  th e re  
i s  a p o in t x e  X a t  which f  i s  n o t co n tin u o u s . L et e > 0 b e  such th a t  
every neighborhood U o f  x co n ta in s  a t  l e a s t  one p o in t y such th a t  
|f ( y )  -  f ( x ) |  > e .  L e t K = f “ ^ (f (x )  -  e /2 )  U f " ^ ( f (x )  + e /2 ) ;  th en  K is
c losed  and x é  K. So th e re  i s  a neighborhood U o f x such  th a t  U H K = <}>.
S ince ( X ,g ,  »/) i s  lo c a l ly  s ta rsh a p e d , l e t  V be a s ta rs h a p e d  neighborhood 
o f  X such th a t  V C U; then  V H K = (j). But th e re  i s  a  p o in t  y £  V
such th a t  |f ( y )  -  f ( x ) |  > e . Now H (x,y) c.  V and f  CH(x,y)J must be an
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in te r v a l  c o n ta in in g  th e  p o in ts  f (x )  and f ( y ) .  Hence, | f ( y )  -  f ( x ) |  > E 
im p lie s  some p o in t  z €  H (x,y) e x i s t s  whose image i s  f (x )  + e /2  o r 
f (x )  -  e /2 .  Hence z 6  H (x,y) / I  K, im ply ing  th a t  V A  K ^ (J), which is  
a c o n tra d ic t io n .
CHAPTER V
ANALOGUES OF THE KREIN-MILMAN THEOREM
M. C. Gemignani [5 ] ,  and P . C. Hammer [6] have co n sid e red  r e l a t i o n ­
s h ip s  between convexity  and topology in  n o n c la s s ic a l  s e t t i n g s .  In  the  
c l a s s i c a l  s e t t in g  c o n t in u ity  o f v e c to r  a d d i t io n  and s c a l a r  m u l t ip l ic a ­
t io n  p ro v id e  a connecting  l in k  betw een convex ity  and to p o lo g y . The 
convex h u l l  and jo in  o p e ra to rs  p ro v id e  t h i s  l i n k  in  a b s t r a c t  s e t t i n g s ,  
as we s h a l l  se e .
5 .1 .  D e f in it io n . R e c a ll t h a t  i n  a to p o lo g ic a l  space ( X ,3 )  a  sequence
o f s e t s  S converges to  th e  s e t  S, deno ted  S ->• S, i f f  lim  sup S = n ----------- —  n n
lim  i n f  = S. Thus a  topo logy  known as th e  H ausdorff topo logy  i s
determ ined  on P(X), th e  power s e t  o f  X.
L e t (X, G) be a convex ity  space  and a topology on X. The h u l l
o p e ra to r  H a s so c ia te d  w ith  C ±s a s e t  fu n c tio n  from P(X) to  P (X ). A
n a tu r a l  p ro p e rty  would be  th e  req u irem en t th a t  H be con tinuous r e l a t i v e
2
to  th e  H ausdorff topology o f  P(X ). But i f  X i s  th e  p la n e  R w ith  th e  u su a l 
topo logy  and convexity  s t r u c t u r e  th en  H i s  n o t con tinuous.
5 .2 .  Example. L et = H “ “ jy) * y e  R } U { (1 ,^ )}  and
S = { ( 0 ,y ) :  y e R }1){(1 ,0 )}  th en  S b u t H(S^) + { (x ,y ) 0 < x < 1}
and H(S) = { (x ,y ) ; 0 < x  < 1} U {(.1 ,0 )} . A concept which h as  been  found 
to  g e n e ra liz e  th e  id e a  o f  a l i n e a r  to p o lo g ic a l  space i s  co n ta in ed  in  th e
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fo llo w in g  d e f in i t io n .
5 .3 .  D e f in i t io n . The t r i p l e  (X, ^  ^  ) i s  c a l le d  a to p o lo g ic a l 
convex ity  space  (T .C .S .) i f  Ê  i s  a convex ity  s t r u c tu r e  fo r  X and i s  
a  topo logy  on X fo r  w hich:
(a ) i s  f i r s t  co u n tab le  and H ausdorff
(b) U € im p lie s  fo r  x 6 X, J(x ,U ) {x} €  ^
(c ) I f  {S^} i s  a sequence o f  p -e lem ent s e t s  co n ta in ed  in  a compact 
s e t ,  w here p i s  a p o s i t iv e  in te g e r ,  th e n  S im p lie s  H(S^) -> H(S).
The fo llo w in g  a re  examples o f  to p o lo g ic a l  convex ity  s p a c e s .
5 .4 .  Example. Let (X, </ ) be any l i n e a r  to p o lo g ic a l space  and 6  th e  
u su a l conv ex ity  s t r u c tu r e  on X. I f  ^  i s  f i r s t  co u n tab le  and H ausdorff 
( th e r e f o r e ,  m e tr iz a b le )  th en  (X, 6  , t j  ) i s  a T .C .S . The p ro o f invo lves
c o n t in u i ty  o f  a d d i t io n , s c a la r  m u l t ip l ic a t io n  and C aratheodory*s theorem .
2 25 .5 . Example. L e t X = R and Q th e  u su a l convex ity  s t r u c tu r e  on R . L e t
a b a s is  fo r  be g iven  by s e t s  o f  th e  form { (x ,y )  : a < x $ b , c < y ^ d }
w here a , b , c ,  and d a re  r e a l  numbers such th a t  a < b and c < d.
2 25 .6 . Example. Let. X = R and ÿ  th e  u su a l topo logy  on R . L et €  be gener­
a te d  ( s e e  Theorem 2 .12) by the  segm ent o p e ra to r  a  d e fin e d  below . Every
p a i r  o f  p o in ts  u ,v £  X e i t h e r  l i e  on a  v e r t i c a l  l i n e  o r  determ ine a
2
p a ra b o la  o f  th e  form y = x  + bx + c . In  e i t h e r  case  l e t  a (x ,y )  be  th e
c lo se d  cu rve betw een x and y.
5 .7 .  Example. L et X = R^, ^  th e  u su a l topology on R^ and l e t  6  be any
one o f  th e  fo llo w in g  fa m ilie s  o f s u b s e ts :
(a ) th e  c lo sed  su b se ts  o f  X.
(b) th e  c lo sed  convex su b se ts  o f  X.
(c) X and a l l  bounded, convex su b se ts  o f  X.
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Then in  each case  (X ,< 5 ,ÿ )  i s  a  T .C .S .
5 .8 . Example. Let X c o n s is t  o f  n -d im en sio n a l h y p e rb o lic  o r  e l l i p t i c  
geometry w ith  th e  u su a l segment o p e ra to r  O (x ,y )  = th e  p o in ts  x and y ,  to ­
g e th e r  w ith  th e  p o in ts  betw een x and y . T ake & to  be th e  fam ily  o f  g - s e t s  
(s e e  Theorem 2 .12) and 5/ th e  topo logy  o f  X as a  m e tr ic  sp ace . Then 
( X ,e ,S / )  i s  a  T .C .S .
5 .9  Theorem. L et (X, be a  T .C .S . and S cX  which i s  s ta rsh a p e d  a t  a
p o in t X .  Then c l  S , th e  c lo su re  o f  S, i s  a lso  s ta rsh a p e d  a t  x .
P ro o f . L et x g e l  S and {x^} a  sequence in  S converg ing  to  x^. L e t S^=
00
r x  ,x  la n d  S = t  x ,xJ th e n  S i s  a 2-e lem en t sequence and U S r  f x ,  x ,I n ; o o n n = l n ^  o
X . ,  • .  • ,  X  , ' " ' I  w hich i s  a compact s e t .  F u r th e r  S -► S so H(S ) ->■ H(S) . i  n J n o  n
But S i s  s ta rsh a p e d  a t  x so  H(S^) = H (x^,x) C S fo r  each n . T h e re fo re , by 
th e  d e f in i t i o n  o f  convergence, H (x,x^) C c l  S.
5 .10  Remark. I f  e  i s  domain f i n i t e  th en  S cX  i s  6 -convex i f f  fo r  any f i n i t e
s e t  co n ta in ed  in  S i t  i s  t r u e  th a t  H{xj^, • • • ,x^} C S.
5 .11  Theorem. I f  S i s  a  ® -co n v ex  s e t  i n  a domain f i n i t e  T .C .S . (X ,g  ) 
th en  c l  S i s  a lso  ^ -c o n v ex .
P ro o f . L et ( x ^ ,« « «,x^} be  any f i n i t e  su b se t o f  c l  S; by th e  above
rem ark i t  i s  e n o u ^  to  show t h a t  H(x, ,* ** ,x^ ) C  c l  S. For each i ,  1= 1 ,2 ,
• • • ,p ,  l e t  {x^} b e  a  sequence In  S converg ing  to  x^ . D efine  S^={x&, « « »
and S^= { x ^ , . . . ,X p }  ; th e n  th e  sequence o f  p -e lem en t s e ts  {S^} converges
00
to  S^, and i s  co n ta in ed  in  th e  compact s e t  (JL^S^)U  S^. T h e re fo re ,
H(S^) ->• H(S^) and s in c e  S^C S and S i s  S -co n v ex , H (S ^)C S . Hence, i t  f o l ­
lows th a t  H(S^)C c l  S. That i s ,  H (x ^ ,« « ',X p )C Ic l S and c l  S i s  f -c o n v e x .
A m o d if ic a tio n  o f  Example 5 .7  (c) sh o w s.th a t th e  assum ption o f domain 
f in i te n e s s  i s  needed in  Theorem 5 .1 1 ; S in ç ly  in c lu d e  one n o n c lo sed .
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unbounded, convex su b se t o f  X in  th e  fam ily  <? .
5 .1 2 . Theorem. L et (X,!/,C )  be a  domain f i n i t e  and jo in - h u l l  commutative
T .C .S . th e n  f o r  any A C  X, H (in t A) C  i n t  H(A).
P ro o f . L e t x £  H ( in t A ). Then domain f in i te n e s s  im p lie s  th e re  i s  a
minimal in te g e r  n such th a t  x 6 H (a^ ,» "* ,a^ ) fo r  a^6  in t  A (1 i.1  1. n ) . But
by jo in - h u l l  com m utativ ity  x e  J ( a ^ ,  H C a g , '" " ,^ ^ ) ) .  S ince n was m inim al,
X é  H(a2 , • • • ,a^ ) , so x e  H(a^,b) ~  {b} C J(b ,U )~ '{ b }  , where b i s  some 
p o in t in  H(a2 ," • • ,3^^) and U i s  an open s e t  such th a t  a^^£ U C A. Now 
b e  H(A) and U C A C H(A), so x €  G E J(b ,U ) ^  {b } (:J (b ,U ) =
H(b U U)<% H(A). S ince G i s  open, x €  i n t  H(A).
Two r e s u l t s  fo llow  im m ediately (v a l id  in  any domain f i n i t e  and jo in -
h u l l  commutative T .C .S .)
5 .1 3 . C o ro lla ry . I f  S £ #  then  H(S) £  .
5 .1 4 . C o ro lla ry . The i n t e r i o r  o f  a<S -convex s e t  i s  S  -convex.
5 .1 5 . Theorem. I f  €  has C aratheodory number c and ( X ,€ ,S / )  i s  a T .C .S .,
then  fo r  each compact s e t  K, H(K) i s  c lo se d .
P ro o f . L e t z be a l im i t  p o in t o f H(K); then  th e re  i s  a  sequence 
{Zn}CH(K) such  th a t  z . Note th a t  i f  y i s  any p o in t o f H(K), th e n  
s in c e  é  has C aratheodory number c th e re  a re  p o in ts  >72’ ”  ' >y^ i "  K such 
th a t  y €  H(y^, « « « ,y^), w here m i  c . I f  m < c  choose p o in ts  y^^^ = y^^^ “
•••  = y^ = y ^  i n  K so  th a t  y fe  H (y^,y2 , " ' ' , y g ) "  T h e re fo re , we may assume
th a t  z Ê H ( x ^ , '" ' ,x ^ )  where x^ €  K, 1 ^  i  1 c . Let {x^ } be  a subsequence n n  n n n^
o f {xH converg ing  to  say  x, 6  K; th en  z é. H(x^ , ' ,x^  ) .  Repeat th e
2 \  ”k “k
p ro cess  f o r  th e  sequence {x } , and co n tin u e  in d u c tiv e ly . By change o f
1 c in o ta t io n  i t  may be assumed th a t  z 6  H(x , ,x  ) w here x ->■ x . andn n ti n 1
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X.  e K, 1 < i  < c . Let S = • • • ,x^} and S = { x , , • • *x } . Then {S } i s  ai  — — n n n l  e n
c-e lem ent sequence co n ta in ed  in  K so H(S ) 4- H (S ). S in ce  SCK , we haven
H (S)C H (K ). But z -> z and z € H(S ) so z € lim  s up H(S ) = H(S) C H(K) . n n n n
I t  w i l l  be assumed th a t  6  i s  domain f i n i t e  and jo i n - h u l l  commutative 
in  a l l  t h a t  fo llo w s .
5.16 D e f in i t io n . L et (X, G ,27 ) be a T .C .S . I f  C,D € €  th e n  C and D a re
s a id  to  be complementary g  - h a l f  spaces i f  C and D a re  nonempty, CUD = X,
and C /) D = ^ .
E l l i s  [3] has proved th e  fo llo w in g .
5 .17 . Theorem. Let (X, g  ) b e  a  domain f i n i t e  and f i n i t e l y  jo in - h u l l  
commutative convexity  sp a c e . I f  u € H (x,y) and v €  H (x ,z ) im ply th a t  
H (u ,z) /O H (v,y) ^  (p th en  f o r  any two d i s jo in t  s e t s  A, B E g  th e re  e x i s t  
complementary g  h a l f  spaces C and D such th a t  C 3  A and D 3  B.
5 .1 8 . D e f in i t io n . L et C and D be complementary (S h a l f  spaces and l e t
H = c l  C n  c l  D. I f  H ft (j) and H ft X th en  H i s  c a l le d  th e  closed, hy p erp lan e  
determ ined  by C and D.
5 .1 9 . Remark. S ince D = X v^C and C = X 'v  d , th e  s e t  H j u s t  d e fin ed  i s  
a c tu a l ly  th e  boundary o f b o th  C and D, s in c e  bd C = c l  C ^  d C X -^ C ) = 
c l  (X '^ D )  / )  c l  D = bd D.Thus i f  H = rf) th e n  bd C = d> so  C = i n t  C, and 
D = i n t  D. Thus, i f  X i s  connected and e i t h e r  i n t  C ^  ^ o r  i n t  D ft (j> , 
th en  b o th  H ^ (() and H ft X, and H i s  a c lo sed  h y p e rp la n e .
5 .2 0 . Theorem. I f  H i s  a  c lo se d  h yperp lane  determ ined  by C and D then  
e i th e r  H O C , H O D , o r  th e  s e t s  i n t  C, i n t  D, and H a r e  each nonempty 
members o f  (S and p a r t i t i o n  X, w ith  i n t  C = C H and i n t  D = D''^ H.
P ro o f . Suppose H C and H D. Then i n t  C (j), i n t  D (̂j) and
H ft (J) . S ince C, D g ê  Theorem 5 .14  im p lie s  th a t  i n t  C and i n t  D a re  in  6 .
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Also by Theorem 5 .11  c l  C and c l  D a re  in  C ; hence H e  Ê . Suppose 
X e  X (H U i n t  C 0 i n t  D) S ince x 6 X = c l  C U c l  D and 
X ^ c l  C 0  c l  D i t  may be assumed th a t  x 4 c l  D. Thus,
X e  X c l  D c  D = CjSQ X € i n t  C. This c o n tra d ic t io n  im p lie s  th a t
X = H U i n t  C U i n t  D, and s in c e  i n t  C, i n t  D and H a re  d i s j o i n t  they  
p a r t i t i o n  X. I t  i s  a  re s u lt ,  from topo logy  th a t  i n t  0 = 0"^  H and 
i n t  D = D H, so  th e  p ro o f i s  com plete .
The th e o ry  n e c e ssa ry  to  d e r iv e  th e  analogue o f th e  Krein-M ilm an 
theorem  w i l l  now be in tro d u c e d .
5 .2 1 . D e f in i t io n . I f  K E 6  and x e  K jthen  x an extrem e p o in t  o f  K 
i f  y ,z  6  K and X e H (y ,z) imply t h a t  x  = y o r  x = z . A nonempty s e t  M
co n ta in ed  in  a s e t  K C  X, i s  c a l le d  an ex trem al su b se t o f  K i f  x ,y e  K and
M n  H (x ,y) {x,y} f  (j) imply { x ,y }C  M.
The n e x t theorem  re q u ire s  an e x te n s iv e  h y p o th e s is , w hich i s ,  o f 
course  s a t i s f i e d  in  th e  u su a l s e t t i n g  o f  lo c a l ly  convex l i n e a r  to p o lo g ic a l 
spaces i n  which th e  theorem  o f K rein-M ilm an norm ally  a p p l ie s .  However, 
i t  i s  n o t  d i f f i c u l t  to  see  th a t  t h i s  h y p o th e s is  i s  s a t i s f i e d  a ls o  by a 
few o f  o u r p rev io u s  examples (5 .6  and 5 . 8 ) .  Follow ing th e  p ro o f , we 
show how to  o b ta in  s im i la r  hy p o th eses  in  a c la s s  o f sp aces  s tu d ie d  by 
C antw ell [ 6 ] ,  p ro v id in g  f u r th e r  exam ples. P a r ts  (a) and (b) o f  th e  
h y p o th e s is  a re  g e n e ra l requ irem en ts  p e r ta in in g  to  th e  sp ace  X ( in  
p a r t i c u l a r ,  to  th e  convex ity  s t r u c t u r e  C ) , w h ile  p a r t  (c ) concerns 
p ro p e r t ie s  demanded o f c lo sed  h y p erp lan es  (in v o lv in g  b o th  £  and * ^ ).
5 .2 2 . D e f in i t io n . For conven ience, l e t  us c a l l  a c lo sed  hyperp lane  H 
f l a t  i f  w henever th e  s e t  H (x,y) O H c o n ta in s  a t  l e a s t  two p o in ts  then  
H (x,y) c  H. L et H b e  c a l le d  r e g u la r  i f  th e re  e x is t s  a  con tinuous convex
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fu n c tio n  f  from X onto R (w ith  u su a l convexity  s t r u c tu r e  and topology
on R) such th a t  fo r  some r e a l  a ,  H = f  ( a ) .  A r e g u la r  c lo sed  hyper­
p la n e  H = { x :f(x )  = a} i s  c a l le d  t r a n s l a ta b l e  i f f  f  ^ (3 ) i s  a  c lo sed  
h y p e rp la n e  f o r  a l l  r e a l  g.
5 .2 3 . D e f in i t io n . A T .C .S . (X, C  i s  s a id  to  b e  lo c a l ly  convex a t̂ a, 
p o in t  X i f  f o r  each neighborhood U o f x th e re  e x i s t s  a neighborhood V o f 
X such  th a t  V £ C and V c  U. I f  (X, i s  lo c a l ly  convex a t  each
p o in t  th en  i t  i s  s a id  to  be  lo c a l ly  convex.
5 .2 4 . Theorem. (Krein-M ilm an) L et be a  connected  lo c a l ly
convex T .C .S . s a t i s f y in g :
(a) C i s  domain f i n i t e  and f i n i t e l y  j o i n - h u l l  com m utative.
(b) I f  X ,  y , 2 e  X and u € H (x ,y ) , v e  H (x ,z ) th en  H (u ,z) f1 H (v ,y ) (|).
(c ) Each c lo sed  h y p erp la n e  i s  f l a t ,  r e g u la r ,  and t r a n s l a ta b l e .
I f  A i s  any compact elem ent o f  C  then  the  above p ro p e r t ie s  imply
t h a t  A = c l(H (e x t A )) , w here e x t A i s  th e  s e t  o f  a l l  extrem e p o in ts  o f  A.
The p ro o f w i l l  be  g iv en  i n  a  sequence o f lemmas.
5 .2 5 . Lemma. I f  i s  a  fam ily  o f ex trem al s u b se ts  o f  a  s e t  K, th e n  a
nonempty in te r s e c t io n  o f  any subfam ily  of 3  i s  an ex trem al s u b se t o f  K.
P ro o f . L e t E i  € A. Choose x € K, y €  K. I f
( n  F .)  0  H (xy )'^{x ,y}  (|) th e n  F fl H(xy) ^  {x,y} # 4 so th a t
i e  A
{x,y} C F , i  € A. T h e re fo re  {x,y} C D F .
^ i  e  A ^
5 .2 6 . Lemma. L e t H b e  a  re g u la r  c lo sed  hy p erp lan e  determ ined  by comple­
m entary  s e ts  C and D. Then th e re  e x i s t s  a con tinuous convex fu n c tio n  f  
from X onto  R and a €  R, such  th a t  H = {x: f  (x) = a } , and
i n t  C = { x :f(x )  < a  } and i n t  D = {x | f ( c )  > a  } .
ZZSSf" There e x i s t s  a  con tinuous convex fu n c tio n  f^  from X on to  R and
31
a€  R, such th a t  H = f  ^ ( a ) .  There i s  x ^  H, so e i t h e r  x e  C or x e, D,o o o
say X e  C. Then x e  C H = i n t  C. I f  f (x  ) < a take  f = f  ; i f  
o o o o o
f  (x  ) > a d e f in e  f  by f(x )  = 2a -  f  (x) f o r  x 6 X. Then f  i s  a lso  a o o o
continuous convex fu n c tio n  from X onto  R, and f(x ^ ) < a in  e i th e r  case .
L e t y^ be any p o in t i n  X such th a t  f(y ^ ) > a ;  we show th a t  y^ £  D. I f
n o t th en  y^ e  C and hence y^ 6 C H = i n t  C. By th e  convexity  o f f  i t
fo llow s th e re  i s  a p o in t  z e  H(x ,y ) such th a t  f ( z  ) = a. Thus,o o o o
z e  i n t  C (s in c e  i n t  C € £ )  and z 6 H = b d C ,  an im p o s s ib i l i ty ,  o o
T h e re fo re , y^ e  D H = in t  D. The same argum ent proves 
{ x |f (x )  > a} c  i n t  D; s im i la r ly ,  { x |f (x )  < a} c  i n t  C. Now we have 
H 7̂  C and H ^  D so by Theorem 5.20 th e  s e t s  i n t  C, i n t  D, H p a r t i t i o n  
X. S ince a lso  th e  s e t s  { x ;f(x )  < a} , { x :f (x )  = a}=H, and { x :f (x )  > a} 
p a r t i t i o n  X, th e  a s s e r t io n  fo llo w s .
5 .2 7 . Lemma. With hypo theses as in  Theorem 5 .2 4 , a compact s e t  A has a t  
l e a s t  one extrem e p o in t .
P ro o f . L e t 3  be th e  s e t  o f  a l l  compact ex trem al su b se ts  o f A.
S ince A £  ^  th e  fam ily  ^  r  (j). An a p p l ic a t io n  o f  Zorns lemma im p lie s
th a t  3  has a m inim al elem ent F. The g o a l i s  to  prove th a t  F i s  a 
s in g le  p o in t .  (Hence F i s  an extrem e p o in t o f  A.) Suppose x , y a re  
d i s t i n c t  p o in ts  o f  F. S ince (X ,^  ,Z?) i s  a lo c a l ly  convex space  and 
i s  H au sd o rff , th e re  e x i s t  d i s jo in t  ( Î - convex neighborhoods A, B o f  x 
and y r e s p e c t iv e ly .  Theorem 5.17 im p lie s  th e re  e x i s t s  complementary 
C - h a l f  spaces C and D such th a t  A C C  and B C D . S ince H=cl C H c l D i s  a 
c lo se d  h y p erp lan e . Theorem 5.26 im p lie s  th e r e  e x i s t s  a  con tinuous convex
on to  fu n c tio n  f:X  ->■ R such th a t  H = {x: f (x )  = a} and f (x )  < a  < f ( y ) .
S in ce  f  i s  con tinuous and F i s  compact
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3 = su p { f(z )}  = f ( z  ) 
z e  F °
e x i s t s  fo r  some z^ e  F. A lso by h y p o th esis  = {x*f(x) = 6} ^ * i s  a 
c lo se d  hy p erp lan e . I f  E = F A H, th en  E i s  com pact, z^ £  E, and x ^  E 
so E i s  a p roper su b se t o f  F. We show th a t  E i s  an ex trem al su b se t o f A.
I f  u ,v  e  A w ith  w e  [H (u,v) {u ,v}] fl E th en  u ,v  £ F because  w 6 E c  F
and F i s  an ex trem al s u b s e t  o f  A. But u ,v  £ F im p lie s  f (u )  < 3 and
f(v )  < 3 .  I f  bo th  f (u )  < 3 and f(v )  < 3 then  u ,v  £ { x :f (x )  < 3} ^
im ply ing  w £ H (u,v) C { x :f (x )  < 3 ) .  This i s  im p o ss ib le  s in c e  w £
I f  f (u )  < 3 and f(v ) = 3 th en  w ,v  £ H (u,v) H so  by h y p o th esis
H (u ,v ) c  im plying th a t  u ,v  £ E. The above p roves th a t  E i s  an ex trem al
s u b se t  o f A. Hence, E €■ c o n tra d ic t in g  th e  m in im a lity  o f F.
P roof o f Theorem 5 .24 . L e t B £ c l(H (ex t A )). S in ce  e x t A c  A i t  i s  
t r u e  th a t
H (ext A) C H(A) = A and c l(H (e x t A) C c l  A = A.
I t  rem ains to  prove th a t  A C B. Suppose x £ A *"B. S ince  B i s  c lo se d
X ~ B  i s  a neighborhood o f  x . From th e  lo c a l  convex ity  o f (X ,’<-,«J)
th e re  i s  a C -convex neighborhood U o f x such th a t  x £  U c  X B. From
Theorem 5 .1 0 , B i s  C -convex  so  U,B £  G and U O B = <}>. Again by Theorem
5.17 th e re  i s  a c lo sed  h y p erp lan e  H determ ined by C and D such th a t  U C G
and B C D ;  thus Ü c  i n t  C. By h y p o th e sis  H i s  re g u la r , which w ith  Theorem
5.26 im p lie s  th e  e x is te n c e  o f a  continuous convex fu n c tio n  f  and a £  R,
such th a t  H £ f  ^ (a )  and f ( i n t  C) < a < f ( i n t  D ). S ince  f  i s  con tinuous
and A i s  compact, d e f in e  3 = i n f  { f (y )} . (Note th a t  3 < a s in c e  x £  A
y € A
and f(x )  < a ) .  L e t H^ = { y |f (y )  = 3}; then  E r  0  A ^ (|) ( f  takes  i t s  
m inim al v a lu e  a t  an elem ent o f  A). Now E i s  com pact, so  by Lemma 5 .27
33
th e re  i s  a p o in t w £  ex t E. I t  w i l l  be  shown th a t  w £  e x t A. I f  u £ A ,
V £  A and w 6  H (u,v) {u,v} , then from the d e f in it io n  o f  3 ,  f  (u) > 3 and 
f (v )   ̂ 3 . I f  both f(u ) > 3 and f (v )  > 3 , then u ,v  e  {x ;f(x )  > 3 ) 6  (S so  
w 6  H(u,v) c  { x : f (x )  > 3)* But th is  con trad icts the fa c t that f(w) =3, 
s in ce  w è  E C I f  f(u ) = g and f (v )  > g then u,w € H(u,v) / I  and
hence, H(u,v) C  Therefore f(u ) = f(v)=3 and u , v e E .  But th is  contra­
d ic ts  the fa c t  that wg ext E, s in c e  w€ H (u,v)'« (u ,v ) where u ,veE .H ence  
w e ex t A. But then w e ex t A C  B C D im plies f(w) ^  a ,  a con trad iction  
s in c e  f(w) = g < a . Therefore A = B.
We now develop th e  theo ry  fo r  th e  Krein-Milman theorem  where th e  
convex ity  s t r u c t u r e  and topo logy  in v o lv ed  a re  r e la te d  to  l in e s  in s te a d  
o f  segm ents, which y ie ld s  added p ro p e r t ie s  s u f f i c i e n t  to  develop a g e n e ra l 
h y p erp lan e .
5 .28 . D e f in i t io n . C onsider a  s e t  X and a fam ily  o f  su b se ts  c a l le d  
l i n e s .  We assume every l in e  h as  a  g iven t o t a l  o rd e r in g . I f  x ,y  6  L é  
X f  y l e t  (x ,y )  denote th e  s e t  o f  p o in ts  on L s t r i c t l y  between x and y . 
S im ila r ly  d e f in e  Ix ,y ]  = (x ,y )  U {x ,y} , [x ,y ) , = (xy) U {x} and 
(x ,y j = (x ,y ) U {y}. The p a i r  (X ,jC) i s  c a l le d  a  g e n e ra liz e d  l i n e a r
a) Every l i n e  i s  o rd e r  isom orphic to  th e  re a l,  numbers.
b ) Each p a i r  o f  p o in ts  i n  X belongs to  a unique member o f
c) I f  x ,y ,z  e  X, u e  ( x ,y ) , and v e (u ,z )  th en  th e re  i s  w e  ( y , z )
such th a t  V g (x ,w ).
The fa m ily -^  determ ines a  co n v ex ity  s t r u c tu r e  (X, £  ) where 
6  = {C;x,y e  C im p lie s  £ x ,y jC  C}.
5 .2 9 . D e f in it io n .  I f  CC X th e n  l i n  C= {x6 X :th e re  i s  y £ C  w ith  Cy,x)C C}
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and core  C = {x e  C: fo r  each y 3̂ x th e re  i s  z e  (x ,y )  such t h a t  (x ,z )C  C}.
5 .3 0 . D e f in i t io n . A s u b s e t F C X i s  c a l le d  a  f l a t  i f  x ,y  6  F im p lie s  
L (x ,y ) C F, where L (x ,y ) i s  th e  l i n e  in<;£ w hich , by axiom (b) , i s  determ ined 
by X  and y . The a f f in e  h u l l  o f  a  s e t  S C X i s  d e fin e d  as f l ( S )  = /l{ F :F D S ,F  
a f l a t } .  A f l a t  H s e p a ra te s  X in to  (A,B) i f  X ~  H =■ A 1/ B w ith  A,B 6  €  , 
w here A and B a re  nonempty d i s jo i n t  and x £  A, y £  B im p lie s  (x ,y )H  .
A f l a t  H i s  a h y p erp lan e  i f f  i t  s e p a ra te s  X. A f l a t  i s  o f  d e f ic ie n c y  1 
i f  th e re  e x is t s  x ^  H such th a t  fl(x ,"S ) = X.
Cantw ell [2 ] , who has worked e x te n s iv e ly  w ith  g e n e ra liz e d  l i n e a r  
s p a c e s , has proved th e  fo llo w in g  r e s u l t s :
5 .3 1 . Lemma. H i s  a hy p erp lan e  i f f  i t  i s  o f  d e f ic ie n c y  1 , and f u r t h e r ,  
a h y perp lane  i s  a maximal p ro p e r f l a t .
5 .3 2 . Lemma. I f  A,B £ €  and A/1 B = ^ th e r e  e x i s t  complementary 
G - h a l f  spaces C,D such th a t  A C C  and B C D .
5 .3 3 . Lemma. I f  C and D a re  complementary g  h a l f - s p a c e s ,  H = l i n  C A l i n  D,
and H 3* X, th en  H i s  a  h y p erp lan e .
5 .3 4 . D e f in i t io n . The space  X i s  s a id  to  be l i n e a r ly  decom posable i f
fo r  any hyperp lane  H C X th e re  e x i s t  a l i n e  L and a  fam ily  o f  h yper­
p lanes {H^:x e  L} such  th a t
(a) The fam ily  o f  s e ts  {H^:x g L} p a r t i t i o n s  X.
(b) H^/1 L = {x}.
(c) For some x £  L , = H.
5 .3 5 . Theorem. I f  X i s  l in e a r ly  decom posable th en  fo r  each h y p erp lan e  H 
th e re  e x i s t s  a  convex and preconvex fu n c tio n  f  from ( X ,g )  o n to  th e  r e a l s ,  
w h ere6 i s  th e  convex ity  s t r u c tu r e  determ ined  by ^  . F u rth e r  th e re  i s  a €  R 
such th a t  H = {x : f (x )  = a } .
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P ro o f . L et L and { H ^ ;x e  L} be th e  l i n e  and fam ily  o f h y p erp lan es  
p a r t i t i o n in g  x as determ ined  by H. D efine f:X  L by f(x )=  y i f f  x é  
L et C €  e  and z €  [x,yj , w here x ,y  6  f (C ) . Suppose u ,v  € C and f (u )=  x , 
f(v )  = y ; th e n  tu,vJ c  C. Suppose f \  [u ,v ]  = (}>. S ince  i s  a  h y p er­
p la n e  i t  s e p a ra te s  X in to  (A ,B), and i f  u £ A, v  £  B then  (u ,v )  / I  (p, 
w hich i s  n o t th e  case . T h ere fo re  suppose u ,v  £ A. Then [u ,v j  C  A. I f  
X £ B th e n  [u^x]A  # (j>, b u t fu ,x J c H ^  and = c|), a  c o n t r a d ic t io n .
T h e re fo re , x £ A. S im ila r ly  y £  A, so f x ,y j  C  A im p lie s  / I  f x , y j  ^  (f>, a 
c o n t ra d ic t io n .  Hence we conclude H^ O  £u,vj = {p}, so  th a t  f  (pi) = z .
Hence z e  f(C) and f(G) i s  convex.
S im ila r  reaso n in g  shows th a t  f  i s  preconvex. S ince L i s  o rd e r  isom or­
p h ic  to  th e  r e a l s ,  th e  e x is te n c e  o f  th e  d e s ire d  fu n c tio n  i s  now a p p a re n t.
5 .3 6 . Remark. S ince {H^^x £ L} p a r t i t i o n s  X, f  ^ (x) = H^ fo r  any x e L .  Hence 
the  preim age o f  a p o in t i s  a  h y p e rp la n e , and each h y p erp lan e  i s  t r a n s l a ta b l e .
5 .3 7 . D e f in i t io n . I f  ( X , ) i s  a g e n e ra liz e d  l i n e a r  sp a c e , th e n  (X, 
i s  s a id  to  be a  g e n e ra liz e d  l i n e a r  to p o lo g ic a l  space  (G .L .T .S .) i f :
(a )  # i s  a  f i r s t  c o u n ta b le  H ausdorff topology fo r  X.
(b) I f  X € U e t/ th e n  x £ co re  U.
(c )  Whenever {x^}, {y^} a re  sequences w hich converge to  x  and y 
r e s p e c t iv e ly ,  th e n  L (s^ ,y ^ ) _> L (x ,y )  (H ausdorff l i m i t  
u n d e rs to o d ) .
5 .3 8 . Theorem. I f  F i s  a  f l a t  th en  c l  F i s  a  f l a t .
P ro o f . I f  x ,y  e  c l  F l e t  {x^},{y^} b e  sequences in  F converg ing  
to  X and y r e s p e c t iv e ly ;  th e n  L (x^ ,y^) L (x ,y ) .  S ince  F i s  a  f l a t
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L (x^ ,y^) C F ,so  L (x ,y ) C c l  F.
5 .3 9 . Theorem. I f  H i s  a hyperp lane, th en  e i t h e r  c l  H = H o r c l  H = X. 
P ro o f . Lemma 5 .38  im p lie s  th a t  c l  H i s  a f l a t .  From Lemma 5 .31
a hyperp lane  i s  a  maximal p ro p e r f l a t ,  hence c l  H =■ H o r  c l  H = X.
5 .4 0 . Theorem. I f  C ^  C th e n  l i n  C c  c l  C.
P ro o f . L e t x e l i n  C; then  th e re  i s  y  6 C such th a t  [y ,x ) c  c. I f
U i s  a neighborhood o f  x s in c e  (X,j£  i s  a G .L .T .S . th e re  i s  z e  (y ,x ) 
such th a t  (z ,x )  C u . T h e re fo re  u C f  <|).
5 .4 1 . Theorem (Krein-M ilm an) Suppose i s  a  lo c a l ly  convex, 
l i n e a r ly  decomposable G .L .T .S . then  i f  A € £  i s  compact
A = c l(H (ex t A )).
The fo llo w in g  lemma i s  proved u s in g  th e  hypotheses o f  Theorem 5 .4 1 .
5 .4 2 . Lemma. I f  Ü and V a re  d i s jo in t  open convex s e t s  th e re  e x i s t s  a 
h yperp lane  H = (x : f ( x )  = a} such th a t  f(U ) < a < f (V ) , and f u r th e r ,  f  is  
c o n tin u o u s .
P ro o f . By Lemma 5 .32  th e re  e x i s t s  complementary ^ - h a l f  spaces C
and D such th a t  U C C and V C D .  L et H = l i n  C 0  l i n  D; then  by Theorem
5 .4 0 , H c  c l  C n  c l  D # X. By Lemma 5 .3 3  H i s  a  h y p erp la n e . Now
c l  H c  c l  C n  c l  D Î* X ,so by Theorem 5.39 c l  H = H and H i s  c lo se d . By
Theorem 5 .35  th e re  i s  a  convex and p reconvex fu n c tio n  f  from X to  R
such th a t  H = { x :f (x )  » a } . As in  Theorem 5 .26  i t  can b*e shown th a t
*1
f(U ) < a < f (V ) . I f  8 < a  th en  f  ( 8 ) n v  = (J>. From th e  c o n s tru c t io n  of f ,
f  ^ (6 ) i s  a h y p e rp la n e , so  f  ^(8) 0  V *» (|) im p lie s  f  ^(B) i s  c lo se d .
S im ila r ly ,  i f  g > a th en  i s  c lo se d . T h e re fo re , by Theorem 4.16 f
i s  co n tinuous.
We now have s u f f i c i e n t  power to  prove Theorem 5 .41  by a method
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p a r a l l e l  to  th e  p roo f o f  Theorem 5 .2 4 . Thus, we f in d  th a t  th e  c la s s  o f
l i n e a r ly  decomposable g e n e ra liz e d  l i n e a r  to p o lo g ic a l  spaces i s  a  c la s s  o f
spaces  i n  which a Krein-M ilm an type theorem  h o ld s .
We remark th a t  i n  th e  p resence  o f  lo c a l  convex ity  i t  can be shown
th a t  a  g e n e ra liz e d  l i n e a r  to p o lo g ic a l  sp ace  i s  a  to p o lo g ic a l
convex ity  sp a c e , (X, where €  i s  th e  convex ity  s t r u c tu r e  determ ined
by . The r a th e r  len g th y  p ro o f invo lves th e  fo llo w in g  p ro p e r ty : I f
, {y^}, and {z^} a re  sequences converg ing  to  x , and z r e s p e c t iv e ly ,
where f o r  each n ,x  , y and z l i e  on some l i n e  L and v g (x ,z )  th en  n n n n
fo r  a l l  n s u f f i c i e n t ly  la rg e  y^  g  (x^ , z ^ ) .
2 25 .4 3 . Example. L et X = R and tJ th e  u su a l topo logy  on R . L e t a f  c o n s is t  o f:
1) a l l  o rd in a ry  E u c lid ean  l in e s  o f  z e ro ,  n e g a tiv e  o r  i n f i n i t e  s lo p e
2) a l l  broken l in e s  o f  p o s i t iv e  s lo p e  c o n s is t in g  o f  two h a l f - l in e s  
m eeting  a t  th e  x a x is  w ith  th e  s lo p e  o f th e  upper h a l f - l i n e  tw ice  th e  
s lo p e  o f  th e  low er h a l f - l i n e .
One can e a s i ly  show th a t  ( X , 0 )  i s  n o t e q u iv a le n t to  an open su b se t
2
o f R , s in c e  th i s  i s  th e  c l a s s i c  exanç le  o f  a  non-D esarguesian  a f f in e  
p la n e .
This c o n s tru c t io n  can b e  a p p lie d  to  any f i n i t e  d im ension , w ith  th e  
u s u a l topology o f r” .
More g e n e ra lly , C a n tw e ll 's  ax iom atic  sy stem  i n  f i n i t e  dim ensions 
s a t i s f i e s  th e  l i n e a r  decom position  p ro p e r ty ,  and so  p ro v id es  a c la s s  
o f sp aces  more g en e ra l th an  th e  c l a s s i c a l  s e t t i n g  fo r  which th e  analogue 
o f  th e  Krein-M ilman theorem  h o ld s .
REFERENCES
1. V. W. B ryant and R. J .  W ebster, Convexity spaces 1. The Ba s ic
p r o p e r t ie s ,  J .  o f  Math, a n a ly s is  and a p p lic . 37, (19 72) 206-213.
2. J .  C an tw ell, C onvexity i n  s t r a i g h t  l i n e  sp a c e s . P roceed ings o f th e
Conference on Convexity and C om binato ria l Geometry a t  th e  
U n iv e rs ity  o f  Oklahoma, (June, 1971).
3. J .  W. E l l i s ,  A G eneral s e t - s e p a r a t io n  theorem , Duke Math. J . ,  19
(1952) 417-421.
4 . M. C. Gemignani, A G enera lized  n o tio n  o f  convex ity  i n  a  f i e l d ,  American
Math. M onthly, V 75 (1968).
5 . M. C. Gemignani, T o p o lo g ica l geom etries and a new c h a r a c te r iz a t io n
o f  R^, N otre Dame J .  o f  Formal L o g ic , J a n . ,  VII (1966) 57-100.
6 . P . C. Hammer, Sem ispaces and th e  topology o f  co n v ex ity , P roceed ings
o f  Symposium in  Pure M ath ., VII 305-315, 879-880.
7. D. C. Kay, Segment o p e ra to rs  and a s o lu t io n  ^o th e  l i n e a r i z a t i o n
problem , (su b m itte d  fo r  p u b l i c a t io n ) .
8. D. C. Kay and E. W. Wombl e ,  Axiomatic co nvex ity  t h eo ry and r e la t io n ­
sh ip s  betw een th e  C aratheodory , H elly  and Radon n u n b ers , Pac. J .  
M ath ., 38 (1971), 471-485.
9 . H. K rein and D. riilm an , ^  Extreme p o in ts  o f  re g u la r ly  convex s e c s ,
S tu d ia  M ath ., V 9 (1940) 133-138.
10. W. Meyer and D. C. Kay, A convexity  s t r u c t u r e  adm its b u t  one r e a l
l i n e a r i z a t lô n  o f  dim ension g r e a te r  th an  one . J o u rn a l o f  th e
London.M athem atical S o c ie ty , ( to  a p p e a r) .
11. W. P renow itz , A Contemporary approach to  c l a s s i c a l  geom etry , S l a u ^ t
^Memorial. P aper No. 9 , Math. A ssoc. Amer., (1961).
12. F. A. V a le n tin e , Convex s e t s ,  M cGraw-Hill, New York, (1964).
